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Abstract

In this paper we discuss the role of the Virasoro operators in bosonic string the-
ory. We give a streamlined explanation of the origin of the Virasoro operators in
classical theory, before quantising the theory using the old covariant quantisation
approach to motivate the full Virasoro algebra. Following this we briefly discuss
the interpretations of the algebra on the classical and quantum levels. We derive
the physical state conditions and explain the use of the Virasoro operators in their
construction, before explicitly using them to compute the low lying levels of the
open string spectrum. Finally we explain the role of the Virasoro operators in the
theory of vertex operators. We construct, in detail, the first two vertex operators
corresponding to the tachyon and massless vector meson state for the open string,
complete with the conditions they must obey, in order to illustrate the correspon-
dence between physical states and vertex operators.



1 Introduction

This report aims to give an account of the role of the Virasoro operators in string
theory. The Virasoro generators are a set operators that form an infinite dimensional
Lie algebra, and they appear a number of times in mathematics and theoretical physics.
The significance of these operators can be observed by the foundational role they play in
the development of bosonic string theory. Understanding the Virasoro group is of central
importance in string theory, since the gauge invariance of the theory is a consequence
of the conformal invariance of the two-dimensional world sheet field theory which the
Virasoro operators generate.

The Virasoro operators permeate a great number of areas in string theory. Here we
discuss the use of the Virasoro operators in the most basic string theory; the bosonic
string propagating in Minkowski space-time. For the majority of this report we focus on
the open string. We will give a streamlined account of the ideas that led to the Virasoro
generators followed by a more detailed discussion of the role they play in particular
areas. First we will give the basics of the classical string theory and describe the mode
expansion. Following this we explain how the Virasoro generators turn up in classical
string theory before quantising, using the old covariant quantisation procedure, and
giving the full Virasoro algebra. After this we discuss interpretations of the classical
and quantum algebra. We then explain what the physical state conditions are. We
will show how the physical state conditions connect to the classical constraints and
how the Virasoro operators encode these. Using the physical state conditions we then
determine the spectrum of the open bosonic string up to level two. Finally we consider
vertex operators. We explain the how the Virasoro operators determine the form of
these operators and, using the old covariant quantisation approach, compute the vertex
operators for the open string corresponding to the level zero and level one state. In
reference [4] a didactic exposition of string theory can be found. We will adopt this as
our main reference text on the subject.

The Virasoro operators play a fundamental role in string theory and as such it is
difficult to overstate its importance. Some might say it is the most important algebra in
the theory. In the same light, it is difficult to give a brief account of the many areas in
which it plays a part, since the mathematical structure can be found underpinning the
development of almost everything. However, in the following sections we will try to give
a detailed and concise exposition of the subject.

2 The Mode Expansion

In this section we outline the mode expansion of the coordinates of the open string, a
result which is repeatedly used in later sections. This and the next few sections establish
basic results and we use [4] and [7] as our main references. We begin by describing the
Virasoro operators as they appear in the analysis of the classical string. The motion of
the classical string can be described by the Brink-Di Vecchia-Howe free string action,
otherwise known as the Polyakov action,



Figure 1: An illustration of the world-sheet traced out by the open string
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There are various terms in this action that may need some explaining. ¢® = (7,0)
denote the parameters which intrinsically label points of the world-sheet manifold that
the string sweeps out in D-dimensional Minkowski space-time. An illustration of this
is provided in figure 1. The integration is carried out over this surface. The functions
X*# describe the embedding of the string in this target space. The term h*? and v/—h
denotes an auxiliary field that determines the intrinsic geometry of the two-dimensional
world-sheet and the magnitude of its determinant. Following Polyakov, both the free
field coordinate functions and the auxiliary metric are to be varied independently.
The Polyakov action contains a number of symmetries:

e Poincaré invariance: Under Lorentz transformations and space-time translations
of the string coordinates the action remains unchanged. This is a global symmetry
from the perspective of the world-sheet.

e Reparameterisation invariance: If we make the transformation ¢* — 6%(o) the
action remains unchanged.

e Weyl invaraince: If we make the transformations X* — X#(o) and hog —
0Q%(0)hap(o) the action remains unchanged.

It is important to recognise that the last two symmetries represent gauge redundan-
cies. Using these symmetries we can make a choice of gauge for the field h,g, and a
particularly nice one is the conformal gauge

-1 0

We are free to choose this gauge due to the gauge invariance previously described.
This choice manifestly preserves the Poincaré invariance of the theory. However in light-
cone coordinates (0F = 7 + o) the invariant line element becomes

ds* = —doTdo~ (3)



Thus, the gauge choice fixes the gauge redundancy up to analytic transformations

o = fi(o®) (4)

and global Weyl transformations

hap(o) — const - hag(o) (5)

This is a residual gauge redundancy which remains once we have specified the conformal
gauge and is connected with the Virasoro operators.
Once we have chosen the gauge the action becomes

T
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By varying the action with respect the fields X* and setting this equal to zero we obtain
the equations of motion satisfied by the fields
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By taking Neumann boundary conditions (X'(7,0 = 0,7) = 0) this leads to the
classical mode expansion for the open string
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where x#, p* correspond to the centre of mass and momentum of the string and I, oy,
correspond to the string length and a general Fourier mode of the string. In many texts
one finds that the string length is defined in terms of the Regge slope, o/, such that
12 = 2¢/. Usually this constant is then set to one. In the following report we will keep
all factors of .

3 The Classical Constraints

In this section we establish the classical constraints imposed on the motion of the string.
By varying the action (6) with respect to the auxiliary field h,g one obtains an equation
of motion for a quantity which we identify as the energy-momentum tensor.
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This is a symmetric tensor which has a trace which is identically zero. Thus there are
only two independent components, which give the constraints on motion of the string.

1
Tos = = 0o X" X, — §haﬁh7587X“85Xu =0 (9)

X244 X?%=0, X-X'=0 (10)

If we transform to light-cone coordinates (o6& = 7 4+ o) we can write the constraints as
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The Virasoro generators are given by the Fourier modes of the energy-momentum tensor
as follows
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Thus at the classical level, through the vanishing of the energy-momentum tensor, the
Virasoro generators classically encode an infinite number of constraint equations which
the string must satisfy

Lm=0, YmeZ (13)

One can show that the Lie bracket of two such operators is given by the following
expression

[Lm, Ln] = (m = n)Lypin (14)
This is the Witt algebra.

4 Passing to the Quantum Theory

In this section we outline how one passes from the classical theory of the open string to
the quantum theory. This section is based in part on [4] and [9]. In the old covariant
approach to quantisation of the string, which we use for the majority of this report,
the fields X* are treated as generalised coordinate operators satisfying the canonical
commutation relations. The constraint equations are then imposed to determine the
physical states.

Another way of proceeding with quantisation is through lightcone gauge quantisation.
Here one identifies that, through the residual gauge symmetry (4), one can transform
the world-sheet coordinates such that, in light-cone coordiantes, they satisfy the same
wave-equation that the string coordinates do in (7). One then fixes the gauge symmetry
by making the light-cone world-sheet coordinate equal to a particular light-cone string
coordinate. Here the Lorentz covariance is explicitly broken and one has to check that
the generators of the resulting Lorentz algebra satisfy the appropriate commutation
relations, which requires the space-time dimension D = 26. The main advantage of this
approach is that there are no constraints so we can immediately construct the spectrum
of the string. We will not proceed with this however (see [4]).

Together with the conjugate momentum P* = TX* we can write the canonical
commutation relations satisfied by the fields X#:
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Using our mode expansion (8), these translate into the following commutation relations

[, p"] =iy, o, an] =m0 vémn0 (16)

together with the hermiticity conditions

()t = ok, (@) = o (17)
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We defined the Virasoro operators at the classical level in (12). We can then interpret
the o4y, as oscillator creation and annihilation operators for negative and positive m
respectively. In common with the quantum formulation of many classical systems, once
we pass to the quantum theory we encounter an operator ordering problem. We remedy
this by using normal ordering, which places all lowering operators to the right and all
raising operators to the left. The Virasoro operators are then defined as:
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Clearly the ordering only makes a difference if we have terms containing o, and

#_ (and if n < 0). In fact, the only L,, which requires normal ordering is Ly. There

is no clear way to resolve the ordering ambiguity, but we know that commuting these

operators could, in principle, produce a constant. We go about remedying this situation
by defining Lg as the normal ordered expressions
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The ordering ambiguity is then relegated to the constraint equations for Ly, where we

include an arbitrary normal ordering constant, a, i.e.

L[) — Lo —a (20)

Using these expressions it is straightforward to derive an expression for the commu-
tator of the Virasoro operators with the oscillators:
(21)

[Lm; 0] = =nag, o,

By powering through a mass of commutators one can then show that we obtain the
following for the quantised Virasoro operators:

D
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[Lm7Ln] = (m —n)Lpin + 12



where, as we would have expected, we have an anomalous term corresponding to am-
biguity that is present in Ly. This is the Virasoro algebra, the central extension of the
Witt algebra (14).

5 Interpreting the Operators

In this section we review what the interpretation of the Virasoro algebra, with and
without the central extension, correspodns to. This section is based in part on [5].
Without the central extension the Virasoro algebra, otherwise known as the Witt algebra,
can be defined as the Lie algebra of complex vector fields on the circle S'. An arbitrary
element, X, in this Lie algebra is given by
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A basis for these vector fields is thus given by
o 0

These operators can be show to satisfy the Witt algebra, given in equation (14). The
physical reason for the connection between this and the classical Virasoro algebra as we
defined it is due to the fact that we can represent the generators of transformations that
preserve the conformal gauge in an analogous form to (24), using light-cone coordinates.
Upon quantisation the light-cone coordinates effectively become periodic due to their
appearance in the equations of motion only occurring in factors of exp ino®, cementing
the correspondence. The full algebra is given by the central extension of Diff(S'), where
the c-number term arises through the need to regularise products of operators.

The Virasoro operators generate world-sheet reparametrisations that preserve the
conformal gauge condition (2) of the covariant formalism of the string theory we have
developed. To demonstrate this, consider the commutator of the Virasoro operators with
the string coordinates, whose mode expansion is given in (8).
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By changing variables in the first summation, n — n — m, we then have
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We can identify this with an infinitesimal coordinate transformation % — % +
&2 (o, 7), which generates the following transformation

X7+ el 0+ €)= XH(7,0) + 67,0 X" + O(E7)

) (27)
= X*M(7,0) 4 [Lm, X*(7,0)] + O(£?)

Thus the action of the Virasoro operators on the string coordinates generates the same
change that would occur as a result of reparametrisation of the world-sheet. How-
ever, these aren’t just ordinary reparametrisations. As we previously stated, they are
reparametrisations that preserve the conformal gauge condition, and so they satisfy the
following relation

9°¢P 4+ 98¢ = Ap*P (28)

In essence, the residual gauge symmetries (28) that are present after choosing the con-
formal gauge are generated by the Virasoro operators.

6 The Physical State Conditions

In this section we establish the physical state conditions for the open bosonic string. The
following is based, in part, on [4]. From the relations (16) and (17) it is clear that we can
interpret the a4y, operators as lowering and raising operators for positive and negative
m respectively. We define the string vacuum state, |0), as the state which satisfies

ab |0)=0, m=>=>0 (29)

and we can build a Fock space of states, spanned by the basis
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where |0; k) denotes the string vacuum state with momentum k*. However, the com-
mutation relations given in equation (16) hint at a sickness in the theory. There are a



collection of states, such as ag |0), that possess negative norm. These states are called
ghosts. In order for the theory to be physically sensible, it is essential that all physical
states have positive norm since ghosts in the physical spectrum of an interacting theory
would lead to violations of causality and unitarity.

This is to be contrasted with what occurs in the light-cone gauge quantisation ap-
proach where one can construct the physical states by acting on the vacuum state with
the set of oscillators {al|i € [1,25]}. In this approach one can construct a manifestly
ghost free spectrum (albeit not manifestly Lorentz covariant one). Naturally we would
expect the old covariant approach to give identical results.

Thankfully this flaw isn’t fatal, since we still have the constraints to impose, given
(classically) by (13). We then take the physical space of allowed string states to be a
subspace of the complete Fock space, one that is free from negative norm states and
satisfies the constraints. In other words we don’t impose all of these constraints as
operator equations on the Hilbert space of states, but require that they have vanishing
matrix elements in the portion of the Hilbert space corresponding to physical states

(¢'| Ln — adno |¢) =0 (31)

Unfortunately we can’t implement the constraints as L, = 0 for all n on quantum
mechanical states since this would lead to an inconsistency, for example:

(0] (L La] 16) = {1 2nL0 |6) + 12 (n* — ) {3}0) (32)

The most we can ask is that on physical states equation (30) is satisfied for n > 0. Since
LT,” = L, this can be replaced by the following set of conditions

(Ly, — adno) ¢y =0, n=0 (33)

These conditions are called the Virasoro constraints or the physical state conditions.
The constraint for n = 0 corresponds to a generalised mass-shell condition for physical
states and the constraints for n > 1 corresponds to an infinity of gauge conditions.
Furthermore, since the subalgebra {L,,n > 3} is generated by the operators L; and
Lo, (e.g. L3 [L2,L_1]) the constraints for n > 1 can be replaced by the following two
conditions

Ly|g) =0, Lzl|¢)=0 (34)

We see that the Virasoro operators and algebra play a crucial role in determining physical
states for the bosonic string. However, while the Virasoro conditions cut out a subspace
which corresponds to physical states, we are not completely safe. In fact, for a consistent
ghost free spectrum, the values of the normal ordering anomaly, a, and the space-time
dimension, D, must be constrained to satisfy the following conditions:

a=1, D=26 or a<l1l, D<25 (35)



This is a statement of the no-ghost theorem, which was first proved by Brower and
Goddard and Thorn, [1]. Throughout this report we will operate under the assumption
that a =1 and D = 26.

7 The Spectrum

In this section we construct the low lying positive norm physical spectrum. This work
is based on the discussions given in [9], [7] and [2]. In section 6 we gave the Virasoro
constraints that determine the physical state conditions for an excitation of the bosonic
string. To find the physical state spectrum of the open string in Minkowski space-
time we have to solve for all possible linear combinations of creation operators acting
on a vacuum state, subject to these physical state conditions. Furthermore, since the
Virasoro generators commute with the generators of the Poincaré group, we will find
that the physical states form Lorentz multiplets.
Firstly, the level operator, R, is defined by

> 1
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This, and the momentum operator oy = lsp#, obey the following conditions

[Lin,p"] =0, [Lo,R] =0 (37)

which means that the eigenstates of momentum are consistent with the Virasoro con-
straitns and we can label states by their eigenvalues with respect to both the level
operator and the momentum operator. Furthermore, due to the hermiticity of p* and
R, states corresponding to different eigenvalues are orthogonal to each other.

The action of the level operator on the general state, given in equation (30), is

RI{AY k) = (D ndn) [{A}s k) (38)

Thus the eigenvalue of R is a non-negative integer, N =) n\,. We call this eigenvalue
the level of the state, and use it to categorise the excitations of the string. The Lg physical
state condition given in (32) can be translated into a generalised mass shell condition,
so at level N a physical state has mass

m? = —k k" = 20;2(N — 1) (39)

where k* is the momentum of the state under consideration. Now we construct the
covariant physical states for levels N = 0, 1,2 and, in part, 3:
(i) N = 0: At level zero we have the tachyon state, which we define as

T(K)) = [0 k) (40)
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Equation (38) gives m? = —k? = —2I;2. The rest of the Virasoro constraints are trivially
satisfied. This is a singlet state of the Poincaré group. One interesting point about the
tachyon state is that, at first sight, the presence of the tachyon itself may seem to be
a problem. However this might suggest that the bosonic string, as we have formulated,
is not in the correct vacuum state. For example a celebrated tachyonic field occurs in
the Standard Model of particle physics, the Higgs field, and its shift to the true vacuum
state of the theory gives mass to most of the particles in the Standard Model, including
the part of the Higgs field which acquires a positive mass.
(ii) N = 1: At level one we have the massless state, with polarisation vector (:

[P(C, k) = ¢ a1|0k) (41)

The mass shell condition gives m? = —k? = 0. The Ly condition gives

Ly |P(¢, k) = Linucta? | |05 k)
= nuuCM[le a’il] ‘03 k)
= 15¢ - k|0; k)
=0

(42)

where we have used the Virasoro constraints for the tachyon state to go to the second
line, equation (21) to get to the third line, and the identity aff = Isp#. To satisfy this
we are force to choose the transverse polarisation condition

C k=0 (43)

the Virasoro conditions for m > 2 are trivially satisfied. At first sight, the condition
above seems to imply that we have 25 independent polarisations. However, it turns out
there are 24 physical states at level one, corresponding to the massless representations
of the Poincaré group. This is because we have an underlying gauge invariance, with
a physical state with polarisation vector ¢, and momentum k* being equivalent to a
physical state with polarisation ¢, +Ak* and the same momentum, where A is an arbitrary
constant. The extra term is associated with null spurious states; physical states with
zero norm which are orthogonal to all physical states. The component of ( parallel to the
momentum do not contribute to any physical quantities and so we do in fact have only
24 independent components, which is what we expect for a photon in 26 dimensions.

(iii) N = 2. At level two, the first massive level, we have a spin two particle, which
we can write as

‘G(Euy, k'> = (Cuya’ila’il + CMOéIiQ) ‘O, k'> (44)

The mass shell condition gives m? = —k? = 2I72. The action of L,, on the (43) gives

Lin (Guua® 102y + Cuaty) 0;k) = <Cu’/(a51—10&1 +atan, ) + 2@0‘%—2) 0;k) =0
(45)

11



where the action of the Virasoro operators on the tachyon state and equation (21) have
again been used. For the case of L this gives

<zsgw (¥ (K + o k) + 2¢,0t 1> 0:k) =0 (46)

this gives the following condition

ZSC(,uJ/)kV + C/J =0 (47)
The Lo condition becomes
(CWTI“” + 2Culsk'u) |0§ k> =0 (48)
which gives
CWUW + 2ls<uku =0 (49)

These 27 conditions that we have, in the covariant approach, imply that we have
w — 1 = 350 independent components. These are massive, and so they must
correspond to irreducible representations of SO(25). However, as we previously outlined
in section 6, in the lightcone gauge the only states are

al,|0sk), ol [0k) (50)

where the index ¢ € [1,25]. This implies that there are $D(D — 1) — 1 = 324 states.
Therefore there must be D physical null states in the covariant analysis, corresponding
to a massive vector and a massive scalar. These are of the form:

|p1) = xpL—10t,10; k)

51
62 = (s + 12, |05 ) .

These states are orthogonal to all physical states. Demanding they also need to be
physical, making them null spurious states, gives k- x = 0 for |¢1), whilst |¢2) can be
shown to automatically satisfy the constraints for D = 26.

We can then decompose the level two physical states into three categories:

(a) 324 (= 1D(D + 1) — (D 4 1)) positive norm states

Gy 1 105 k) (52)

where the polarisation tensor satisfies

CMV = CV/M lsk“@w = C;wﬂ’“’ =0 (53)

This set of states corresponds to the Young diagram (1,1) of SO(25).
(b) 25 (= D — 1) null spurious states

12
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(Cua/i2 - mk#@a/ﬁla—ﬂ |0; k) (54)

with the constraint

kMC, =0 (55)
(c) 1 null spurious state
ST TRV N 7 T
lskyaly + [ﬁ(mu - ?) - ?]aqa—l |0; k) (56)

Thus we find that the physical states form the appropriate Lorentz multiplets as
we expected. It is apparent that the positive norm states form complete irreducible
representations of SO(25), and so we proceed to list only the positive norm states.

(iv) N = 3: At level 3 the mass condition gives m? = —k? = 4I;2 and there are two

sets of positive norm physical states which are given by the following:

Cuopa 10?1?05 k) (57)

where the physical state conditions restrict the polarisation tensor to satisfy the following
constraints

Cuvp = Cuups Cm,pk”ls = Wuyclwp =0 (58)

Therefore this polarisation tensor has 2900 independent components, corresponding to
the representation of SO(25) given by the Young diagram (1,1,1) .
The second set of physical states are given by

Gy a? 5|05 k) (59)

and the physical state conditions restrict the polarisation tensor to satisfy

C;w = _Cu,ua C,uz/k'uls = ﬁ“”C;w =0 (60)

thus the polarisation tensor has 300 independent components and corresponds represen-
tation of SO(25) given by the Young diagram (2). This and higher level results can be
found in [2] (using s = 1).

Throughout this section it is clear that the Virasoro operators, through the physical
state conditions, play an important role. Using these operators all physical states can
be found by solving the set of linear algebraic equations corresponding to each Virasoro
constraint.

13



8 Vertex Operators

In this section we discuss the construction of vertex operators for the bosonic string,
using [3], [6] and [4] as primary sources. Vertex operators are operators that represent
the emission or absorption of on-shell string modes from a specific point of the string
world sheet. They are generalisations of the notion of interaction vertices from field
theory, with the generalisation of propagators given by

A=(Ly—1)"'= / dre ™(Lo—1) (61)
0

where 7 represents imaginary time and Lg — 1 represents the ’Hamiltonian’. A general
tree amplitude for physical states might then be given by

Apr = gM 7% (f1| Va(ka) AVa(ks) - - - AVay_1 (knr—1) [dar) (62)

Thus, to understand objects such as these it is necessary to understand vertex operators.
We shall see that the Virasoro operators play a crucial role in the definition of these
quantities.

Stringent requirements are placed on the vertex operators via their conformal dimen-
sion. Under a general conformal transformation such that 7 — 7/(7) a local field, V(1)
of conformal dimension J transforms as

' dr\’
Viit)={-7) V() (63)
dr’
Under an infinitesimal transformation 7 — 7/ = 7 + ¢(7) this becomes

oV (r)=—e——JV— (64)

The Virasoro operators generate these conformal transformations with € = ie?™7. This
means that

, d
[Ly, V(7)] = ™7 < - ldi + mJ) Vi(r) (65)
T
Vertex operators are used in calculations of scattering amplitudes since, in any confor-
mal field theory, the use of vertex operators ensures that the final results are conformally
invariant. For string theory, in particular, we use integrated vertex operators to allow
for all possible particle emissions or absorptions on the world-sheet:

V= /dTV(T) (66)

where V(7) is a local operator, as we previously described. To compensate for the
conformal transformation of the integration measure dr — d7’ we need to impose the
condition that the vertex operator V(7) transform with conformal dimension one:

14



V() - <;z:/> V(r) (67)

In [2] Saskaki and Yamanaka proved that there exists a one to one correspondence
between a physical state and a vertex operator. This is a well known result and essential
for the construction of amplitudes. We will demonstrate this correspondence for levels
zero and one using the old covariant quantisation approach. We follow the approach
described in [3] and determine the restrictions that must be imposed on the relevant
vertex operator for it to have conformal dimension one.

We start by splitting the mode expansion (8) for o = 0 into an ”annihilation” part,
a ”zero” part and a ”creation” part:

Xt =XE4+ Xy + X5 (68)

o .
) .
X_'l‘f = lS Z gaze_ln‘r
n=1
XY = ot + Zphr (69)
o
XH =, Z Eo/ine””
n=1
The commutation relations for the oscillators and the string coordinates are

[ab, XV (T)] = —ilgem T (70)

The commutation relations for the Virasoro operators and the string coordinates are

[Lim, X4 (7)] = —ils Z elm=m)m) o1

n=m-+1

(L, X (7)] = —ilsad, (71)
m—1

[Lon, XH(7)] = =il > e 7ak

We consider vertex operators V(k,o = 0,7) = V(k, 7), i.e. for emission or absorption
at time 7 and o = 0 on the open string. The simplest candidate for a vertex operator to
consider is exp(ik - X (0, 7), corresponding to a change in the string state by momentum
k#. This needs to be normal ordered, so we define the corresponding (lowest order)
vertex operator as

Vp(k,7) =: R XO7) .= gk X gtk (Xo+Xy) (72)
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The splitting of the exponential operator in the last equality is valid since the each
distinct part of the string coordinates commute because they correspond to the sums
of different oscillators. To be a valid vertex operator it must have conformal dimension
J =1, we compute this using the Virasoro operators.

[Lm, VT] — eith, [Lmveik~(X0+X+)] + [Lm’eihX,]eik'(Xo-i-XJr) (73)
To evaluate this we use the following identities
m—1

) 1
(L, M%) = eimTeih-X- [zs Z k-op)e ™™ + k- (Xo+X_)+ lekQ(m —1)| (74)
=1

3

and
[Lm, eik-(Xo+X+)] — tm7 |:ls Z (k . an)e—in7:| eik(Xo+X+) (75)
Plugging this into equation (73) gives
[Lm7 VT]
00 m—1
_ eimTeik-X, |:ls Z (k‘ . an)e_i’” + 1, Z(k . an)e—inr
n=m n=1

+k-(Xo+X_)+ §l§k2(m _ 1)] ik (Xo+X 1)
= et [582 (k- am)e™ + k- (Xo + X_)
n=1
+ %lng(m — 1)} etk (Xo+X+) (76)

. . . ) ) 1 .
= /M7l X [k Xy ke (Xo+ X0) + 1K (m - 1)] etk (XotX)

_ ifEZk'XO)GZk'XJr

dr

— eimT |:( _ i%eik)(,)eik'()(o—l-)@r) + eika, (

» d . 1
ik (X_+Xo0)( _ : ik X, 1 12,2
+e ( z—dTe ) + 2mlsk: VT}

= emT [ — zi + ml2k2] Vir
dr
Therefore the final result has the right conformal dimension if we choose the conditions
J =1 and Ik = 2. These are exactly the physical state conditions we previously
derived the level one tachyon state for the open bosonic string and so we can tentatively
see the link between the two.
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For k? = 0, corresponding to the massless vector meson, (76) shows that choosing
the same vertex operator would give an operator with conformal dimension J = 0. This
isn’t appropriate for a vertex operator. However, since the operator X* has conformal
dimension one, we can rectify this by trying the following vertex operator:

1, dX .
Vp(k,7) = EC g exp(ik - X) : (77)
Normal ordering this we get
Vp = %(XEVT‘FX{;VT"FVTXQL_) +%[X1,VT] (78)

We can evaluate the commutator as follows

%(k‘ . aim)eimr)]

hE

(X! exp(ik - X )] = [Is > ake™™ exp (I
n=1

n=1

oo
1 . )
_ lz Z Eez(m—n)Tnpakp[a% azm]ezk-X,

n,m=1

oo
= I2kM > 16X
n=1

= ZRC(0)e -

(79)

1
= —ilzk“ exp(ik - X_)

where we have used the commutation relation given in (16) and evaluated the sum using

the regularised zeta function identity ¢(0) = —3.

This gives

: : : I,
Vp = %(XﬁVT —i—XgVT + VTXff_) — §(C . k)VT

G ls
= T“v;;, - 5(4 - k)Vr

(80)

The normal ordered vertex operator isn’t just proportional to : XHVp : as we might
have otherwise expected. To find the vertex operator conditions to give the correct
conformal dimension we proceed once more by finding the commutator of the Virasoro
operators with each part of the expression for Vp given in (80).
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(Lo, V]
— kX XL, X0t X )] ke X X Heik(Xo+X4)

ik-X_ [L X;,L] Z'k:~(X0+X+)

[e.o]

+e
- . m- (81)
— eszezk-X_ |:ZSX,u Z (k an 7m7' Z k- o 71,71TXIU,

n=m n=1
+ (k- (Xo+ X0) = SIk) XP 4+ 5mlik@X“ +mXH — iX”} el (KXot X-)
By using equation (70) we can switch the order of (k- a,,) and X* in the second term:

d .
— o p, X7 (7)] = nlse™ ™" (82)

BoxXV] —
[an7 ] d

This gives

(L, V]

. . .= . ) ) 1 )
= M7tk X- [ZSX“ > (k-om)e ™ + (k- (Xo+ X_) - §l§kz2)X“

n=1
1 . .. 1
m(§l§k2 +1)XH — i XM+ 515 m(m — 1)k“] k- (Xo+X-)
=T [eZk'XX“(k Xy )ett (KotXe) 4 et X— (o (X + X_) — 5@/&) (83)
+ Xueik-(X0+X+) + eik-X_ (_Z'Xu)eik-(X0+X+)

1 1
m(GIk? + VE + SE(m* - m)k”VT]

=™ [[ - i% + m(%lng + 1)V + l2(m — m)k“VT}

Combining this with equation (76) we find that the commutator of the Virasoro
generators with the operator Vp is given by

. 1 1
(L, Vp| = ™7 {[ - i% + m(§l§k2 +1)|Vp + 5l§m2(g : VT} (84)

Comparing this with equation (64) we find that if we want a vertex operator of
conformal dimension J = 1 we must choose

1
5131& =0, ¢-k=0 (85)

These correspond to the generalised mass shell condition and the transverse polari-
sation condition that arise for the level one massless vector meson state.
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This analysis can be continued for higher level states, but the conformal algebra
becomes extremely tricky. Further analysis can be found in [3] where an account is
given for the conditions that correspond to the massive level two excited state.

In summary, we find the following correspondence between bosonic open string states
and the corresponding vertex operators:

Tachyon : [0;k) :e*X .
Photon : ¢ -a_1|0;k) ¢-X :e*X

9 Conclusion

In this report we aimed to identify and discuss the roles of the Virasoro operators in
string theory and to an extent we succeeded in this pursuit. We started by discussing
the foundations of the Virasoro operators and algebra for the open bosonic string. We
then sought to give a clear account of what the Virasoro operators are and what they
represent both with and without the central extension.

The relation between the Virasoro operators and the physical state conditions that
physical states of the quantum string must satisfy were explained. The operators play
a crucial role in the determination of the string spectrum and this was demonstrated
through the explicit use of the operators in the construction of several low lying physical
states. We further showed that the positive norm physical states correspond to Lorentz
multiplets, a result we anticipated due to the fact that the operators commute with the
generators of the Poincaré group.

Finally, we analysed the role of the Virasoro operators in the theory of vertex op-
erators. We showed how the Virasoro operators have a very important part in their
construction through the definition of the conformal dimension of the relevant vertex
operators. Following this we derived explicit expressions for the vertex operators corre-
sponding to emission of a tachyon and a massless vector meson. Once again, throughout
this process, the Virasoro operators could be seen to play a very important role in the
construction of the state conditions that the vertex operators must satisfy. We concluded
this by noting how these vertex operators correspond to physical states, affirming the
correspondence between vertex operators and physical for level zero and level one states.

However, whilst we aimed for a ”bottom up” approach to the results we obtained
in this paper, we were unable to completely avoid making a few assumption. One
in particular is the use of space-time dimension D = 26 and a = 1 which was used
repeatedly. The no-ghost theorem proves that this is the appropriate result and the
proof of the theorem makes extensive use of the Virasoro operators. In addition, in this
paper we focussed our efforts of the theory of the open bosonic string, and in doing so
did not analyse the role of the Virasoro operators and algebra for other situations such
as the closed string. Furthermore, whilst we discussed how the Virasoro operators are
used in various areas of open bosonic string theory, these topics still only represent a
small fraction of the myriad of areas in which the Virasoro operators play an important
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role. Thus, further work could include a detailed discussion of the no-ghost theorem,
emphasis of the role of the operators in string theories other than the case of the bosonic
open string and a more extensive review of the role of the Virasoro operators in string
theory including a wider variety of areas of study.
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